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We demonstrate the possibility of topological states for non-Dirac electrons. Specifically it is
shown that, because of the C3 crystal symmetry and time reversal symmetry, px and py orbits
accommodated on triangular lattice exhibit a quadratic band touching at Γ point at the Fermi level.
When the atomic spin-orbit coupling (SOC) is taken into account, a gap is opened resulting in a
quantum spin Hall effect state. As revealed explicitly by a k · p model, the topology is associated
with a meron structure in the pseudo spin texture with vorticity two, a mechanism different from
honeycomb lattice and the band inversion. One possible realization of this scheme is the 1/3 coverage
by Bi atom adapted on the Si[111] surface. First-principle calculations are carried out, and a global
gap of ∼ 0.15eV is observed. With the Si substrate taking part in realizing the nontrivial topology,
the present template is expected to make the integration of topological states into existing electronics
and photonics technologies promising.
PACS numbers: 73.20.-r, 73.43.-f, 73.22.-f, 71.70.Ej
Introduction — Topology in condensed matters has been
attracting significant interest in recent years [1–5]. Be-
cause of the bulk-edge correspondence, topological sys-
tems exhibit robust surface states. The surface current
of a topological insulator is dissipationless, which may re-
solve the issue of Joule heating in nanoscale electronics,
and the Majorana quasi-particle excitations of topologi-
cal superconductor may be exploited for decoherence-free
quantum computation.
By now topological states without strong external
magnetic field have been proposed theoretically and some
are realized experimentally in various systems [4–17].
The topology of electronic bands is characterized by non-
zero Chern number for time-reversal symmetry broken
systems[18], and spin Chern number (elaborated as Z2
index) in time reversal symmetric systems[7, 8, 19]. It
is illuminating to understand Chern numbers in various
systems in terms of topological texture of pseudo spin
in momentum space. On honeycomb lattice, the pseudo
spin referring to the two sublattices exhibits two merons
at the Dirac cones at K and K ′ points, each contributing
a topological charge 1/2. As seen in the Haldane model
and Kane-Mele model [6–8], topological states such as
quantum anomalous Hall effect (QAHE) and quantum
spin Hall effect (QSHE) can be achieved by tuning the
signs of mass terms at K and K ′ points [20]. Bernevig,
Hughes and Zhang revealed that in the HgTe/CdTe quan-
tum well a band inversion takes place at Γ point and
generates a QSHE state, where the Dirac property sets
in due to the opposite parities of the two relevant elec-
tronic bands[9]. In this case, the pseudo spin referring to
the two orbits develops a skyrmion in momentum space
with topological charge of unity. In both schemes, the in-
teractions between two pseudo spin states are linear with
momentum. Partially because of this historical reason,
topological states are sometimes understood as a unique
property of Dirac electrons.
In the present work, we address the topology of non-
Dirac electrons taking into account the effect of crystal
symmetry and spin-orbit coupling (SOC). It is revealed
that, featured by quadratic, non-Dirac dispersions, the
relevant pseudo spin texture is a single meron with vor-
ticity two carrying a topological charge of unity. As a
specific case, we consider the Si[111] surface with 1/3 cov-
erage by Bi atoms. In this system, Bi atoms are adapted
regularly on the top layer of Si atoms and form a triangle
lattice with large unit cell of
√
3×√3, characterized by
the C3v symmetry. The pz orbits of Bi atoms and those
of Si atoms beneath them form a strong bonding state,
and become inactive. The px and py orbits of Bi atoms
and the pz orbits of the other two uncovered Si atoms
remain active. At Γ point, the px and py orbits are close
to the Fermi level, which with SOC contribute to form a
QSHE insulating state in a unique way featured by the
C3v crystal symmetry as well as time reversal symmetry.
As a second example, regularly adapted Bi, Au and H
atoms on the SiC[111] surface are investigated. While
the crystal symmetry is lowered to C3, similar physics is
available as supported by time reversal symmetry.
It is intriguing to notice that topological gaps in
the present systems are large, since the strong atomic
SOC[21–24] of Bi atoms contributes totally in gap open-
ing. The Si substrate is crucial in providing the crystal
symmetry and selecting the orbits of adapted Bi atoms
desired for topological states. Therefore, the present tem-
plate makes it very promising to integrate topological
states into existing electronics and photonics devices.
Model Hamiltonian — Let us begin with a k · p model
at Γ point for a system characterized by C3 crystal sym-
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2FIG. 1. Berry curvatures and pseudo spin textures in momentum space, (a) for the system described by the upper block of
Eq. (1) with a meron of vorticity two at Γ point, (b) for honeycomb lattice with two merons of vorticity one at K and K′ points,
and (c) for the band inversion scheme with a skyrmion at Γ point.
metry in additional to time reversal symmetry, with the
Bi atoms on triangle lattice in mind. The four-band k · p
model around Γ point up to the second order of momen-
tum has the following form
H(k) = ak2 +

λso γk
2
− 0 0
γ∗k2+ −λso 0 0
0 0 −λso γk2−
0 0 γ∗k2+ λso
 , (1)
on basis { |p+, ↑〉, |p−, ↑〉, |p+, ↓〉, |p−, ↓〉 }, with |p±〉 =
∓(|px〉 ± i|py〉) and k± = kx ± iky. Time reversal sym-
metry requires the matrix element between them to be
an even function of momentum. The C3 rotation sym-
metry further requires the matrix element between |p+〉
and |p−〉 to take the form of k2± in order to conserve the
total angular moment along z direction. Therefore, the
electrons in the present system are of non-Dirac type. As
for the diagonal masses, linear terms in momentum are
not allowed since they would change the angular momen-
tum of the basis wave-functions; at the second order of
momentum, time reversal symmetry does not permit any
asymmetric contribution in |p+〉 and |p−〉 in the individ-
ual 2×2 blocks. The dispersion of Hamiltonian Eq. (1)
is then given by E(k) = ak2 ±√λ2so + |γ|2k4, which ex-
hibits a degeneracy and quadratic band touching at Γ
point when SOC is absent, a property originated from
the property that px and py belong to a two-dimensional
(2D) irreducible representation to C3 crystal symmetry
along with time reversal symmetry.
A finite SOC removes this degeneracy and opens a gap,
which may result in topologically nontrivial states. Since
the atomic SOC Hso = λsos · L is diagonal in this basis,
one can first analyze the Berry curvature for the spin-up
subspace[25]
Ω(k) ≡ ∂kxAy(k)− ∂kyAx(k) =
2|γ|2λsok2
(|γ|2k4 + λ2so)3/2
, (2)
where the Berry connection is defined as Aα(k) =
i〈u(k)|∂kα |u(k)〉 and |u(k)〉 is the occupied state. The
dispersion of Ω(k) in momentum space is plotted in
Fig. 1(a). The Chern number is evaluated as[18, 25]
C↑ =
1
2pi
∫
dkΩ(k) = sign(λso). (3)
This Chern number can be understood from the topo-
logical texture of pseudo spin referring to the two or-
bits in the upper block of Eq. (1) σ = (−1){γ(k2x −
k2y), 2γkxky, λso}/
√
γ2k4 + λ2so, as shown in Fig. 1(a) (a
gauge is taken to make γ real). At Γ point, the pseudo
spin is along the north pole; as k increases, the pseudo
spin vector tilts away and becomes aligned to the equa-
tor (namely the kx − ky plane). Checking the rotation
of pseudo spin, we find a 4pi rotation around Γ point.
This meron texture with vorticity two contributes the
unity Chern number in Eq. (3). With time reversal sym-
metry, one can see the same physics in the spin-down
channel. The topology of the whole system is therefore
described by the Z2 index[8, 19], which is defined by the
spin Chern numbers as Z2 =
1
2 (C↑−C↓) mod 2. Because
the particle-hole symmetry is broken by the quadratic
term ak2 in Eq. (1), the present system falls into the
class AII[26, 27].
It is noticed that SOC contributes totally in opening
the topological gap in the present scheme, since C↑ (and
thus Z2 index) is always one for nonzero SOC as seen in
Eq. (3). This is similar to the case of honeycomb lattice
in the Haldane model and Kane-Mele model [6, 7], where
3FIG. 2. (Color online.) (a) Top view of the crystal structure
for 1/3 Bi coverage on the Si[111] surface, with the large and
small blue balls for Si atoms of the top-most and the second
layers, respectively, and purple balls for Bi atoms; (b) and
(c) electronic band structures by first principles calculations
without and with SOC, respectively, where the magnitudes
of Bi px and py orbits are represented by the width of red
curves, and the band structures from a tight-binding Hamil-
tonian constructed with maximally-localized Wannier func-
tions (MLWF) method are shown by dashed blue curves; (d)
1D energy bands for a ribbon system with the edge state on
one of the two edges calculated based on the Wannierized
Hamiltonian.
tuning the signs of mass terms at K and K′ adequately
aligns the pseudo spin texture in the two merons (see
Fig. 1(b)), and results in various topological states with
nonzero integer topological charge in the whole Brillouin
zone (BZ) [20]. In contrary, the band inversion in BHZ
model [9] is associated with a skyrmion of the pseudo
spin texture (see Fig. 1(c)), where the topological gap is
determined by the hybridization of two inverted bands.
Bi on Si[111] surface — To be specific, we investigate the
Si[111] surface with 1/3 coverage by Bi atoms. Based on
symmetry analysis and first-principles calculations, we
show that this system realizes the physics described by
the model Hamiltonian Eq. (1).
The structure is schematically shown in Fig. 2(a). On
the Si[111] surface, the top-most layer Si atoms form a
triangle lattice and the unsaturated dangling bonds of Si
provide active adsorption sites for various metal atoms.
When a
√
3 × √3 unit cell is considered, three sites (A,
B and C) of Si surface can be saturated by ad-atoms,
which we call A-B-C/Si[111]. A, B and C can either
be occupied by atoms such as Bi, Pb, Au, Ag and H,
or left vacant where the dangling bonds of Si atoms are
unsaturated. Here we consider explicitly the case that
A sites are occupied by Bi atoms while B and C sites
remain vacant, as shown in the top view in Fig. 2(a).
Bi atoms form a triangle sub-lattice and the symmetry
group is C3v when the Si substrate is taken into account.
First we study the electronic band structures of this
system by first-principles calculations. The calculations
were done with the Vienna ab initio simulation package
(VASP)[28], where projected augmented-wave (PAW)
potential is adopted[29, 30]. We use the functional
introduced by Perdew, Burke, and Ernzerhof (PBE)
[31] and the generalized gradient approximation (GGA).
A 6×6×1 mesh in the irreducible Brillouin Zone was
used for structure relaxation and 8×8×1 mesh for self-
consisted calculations. In all the calculations the energy
cutoff is set as 500 eV. The forces are relaxed lower than
0.01 eV/A˚. After relaxation, the bond length between
the surface Si and the attached Bi becomes 2.58A˚, close
to the summation of their ion radius, indicating a strong
binding interaction between two atoms. The Bi-Bi dis-
tance is 3.84A˚, which is also consistent with the struc-
ture of Si[111] surface. The unsaturated Si atoms, on the
other hand, form a honeycomb lattice with a Bi atom
sitting at the center of each hexagon. All the calcula-
tions are done in a slab structure with 12 layers of Si
atoms, and a vacuum layer of 10 A˚ is included. In or-
der to avoid annoying physics, Si atoms on the bottom
surface are saturated by H atoms.
The band structure without SOC is shown in Fig. 2(b).
The shadowed (gray color) areas are bulk bands of Si,
where the indirect gap of Si crystal is clearly seen. Inside
the gap four bands are found from Bi atoms and unsatu-
rated surface Si atoms. The magnitude of the projection
of each Bloch states onto the Bi px and py orbits is repre-
sented by the width of red curves. A quadratical touching
is found between the second and third bands at Γ point.
The Fermi energy passes through this degenerate point
and makes the system a zero gap semiconductor. A gap
is opened when SOC is turned on as shown in Fig. 2(c).
The degeneracy at Γ point originally of four-fold due to
the orbital and spin degrees of freedom is lifted partially
down to two-fold. Away from the high symmetry point
the Rashba SOC due to the broken inversion symmetry
at surface lifts the degeneracy totally, which also shifts
the position of minimal gap to a midpoint in between Γ
and M points.
In order to understand the possible topological prop-
erty of the system, we construct the effective model
Hamiltonian around Γ point
HΓ =

a1k
2 0 c2k− −c∗2k−
a1k
2 c∗2k+ −c2k+
z + a2k
2 d0
† z + a2k2
 , (4)
on the basis of four orbits {|p+〉, |p−〉, |pBz 〉, |pCz 〉} in-
side the gap of bulk Si system, taking into account C3v
4FIG. 3. (Color online.) (a) Top view of the crystal structure
for Bi-Au-H/SiC[111] surface where the small blue balls for Si
atoms of the second layer, purple balls for Bi atoms, gold balls
for Au atoms, silver balls for H atoms, respectively; (b) and
(c) electronic band structures by first principles calculations,
without and with SOC respectively; (d) 1D energy bands for
a ribbon system.
crystal symmetry and time reversal symmetry. The pa-
rameters are evaluated by fitting the results of first-
principles calculations as z = 0.01eV, a1 = 0.55eV·A˚2,
a2 = −0.6eV·A˚2, c2 = 0.3ieV·A˚ and d0 = 0.18eV.
Around Γ point, the fat-band structure in Fig. 2(b)
shows that the two states close to Fermi energy are
mainly from Bi |p±〉 orbits and the other two states far
away from Fermi energy are contributed mainly by the
two pz orbits of the unsaturated Si atoms. We therefor
can down-fold this 4×4 Hamiltonian into the subspace
spanned by |p±〉 orbits. Taking the spin degree of free-
dom and SOC into consideration, we obtain the 4×4 ef-
fective Hamiltonian as shown in Eq. (1). Therefore, the
system is a QSHE insulator as discussed above.
An important character of the QSHE insulating state is
the existence of gapless states at the sample edge. We cal-
culate the band structure for a ribbon of width of 50 unit
cells based on the maximally localized Wannier function
for the surface electronic states[32], where Rashba SOC
is included. As shown in Fig. 2(d), there are two gap-
less edge states connecting the valence and conduction
bands for one of the two edges of the ribbon, which cross
at the time-reversal invariant point in the 1D BZ. This
indicates that this system is in a topologically nontrivial
phase with a topological index Z2 = 1. It is noticed that
the QHSE state survives even in the presence of Rashba
SOC, although the global gap is reduced partially.
Bi-Au-H on SiC[111] surface — As a second example,
we consider the system Bi-Au-H/SiC[111] where a SiC
substrate with smaller lattice constant of 3.06A˚ is used
as compared with 3.84A˚ for the Si substrate. As can be
read from Fig. 3(a), the crystal symmetry is lowered to
C3. Since the pz orbit of Si atoms is now saturated by Au
and H atoms, there are only px and py orbits in the bulk
gap as seen in Fig. 3(b). The degeneracy at K point is
lifted since the mirror symmetry is absent, while that at
Γ point is protected (in absence of SOC) by time reversal
symmetry due to the mechanism known for long time[33].
Therefore, the k · p model Eq. (1) applies to the present
system, and a QHSE is realized as evidenced by the gap
opening at Γ point upon introducing SOC (Fig. 3(c)) and
the gapless edge state in a ribbon structure (Fig. 3(d)).
Discussions and summary— Since d± = dxz± idyz orbits
(or corresponding f orbits) are transformed to each other
in the same manner as the p± orbits under the C3 (and/or
C6) rotation, QSHE states are also possible with the d±
subbands, supposing other d orbits (or f orbits) can be
filtered in some way [21–23].
Let us inspect the possibility of topologically nontriv-
ial states featured by meron with vorticity higher than
two. In order to generate a meron with vorticity 2n, the
lowest order of momentum in the off-diagonal elements
in Eq. (1) should be k2n± , which links the two basis wave-
functions with the angular-momentum difference ±2n.
Meanwhile, the basis wave-functions should belong to a
2D irreducible representation of the space groups of crys-
tal, which protects the degeneracy at Γ point in absence
of SOC. Let us see the case d±2 = dx2−y2 ± 2idxy, with
the difference in angular momentum between the basis
wave-functions equal to four. In a crystal with C3 (or
C6) symmetry, the lowest order of momentum in the off-
diagonal terms preserving the total angular momentum
are k2±, rather than k
4
±, which generates a meron with
vorticity two as discussed above. On the other hand, for
a crystal with C4 symmetry, the two wave functions do
not form a 2D irreducible representation. Therefore, the
meron texture with vorticity two addressed in the present
work is unique in generating topological states.
Finally we discuss briefly non-Dirac dispersions in
other topological states. In a Chern semimetal HgCr2Se4,
the off-diagonal interaction has the form of kzk
2
± in the
effective k · p Hamiltonian [34]. In their case, there is
a quadratic momentum dependence in the diagonal mass
terms, which makes the pseudo spin texture not a meron.
Quadratically touching band structures at Γ point appear
in multi-band systems on honeycomb lattice as discussed
in a model system recently, due to the same C3 sym-
metry [24]. Because the non-Dirac dispersion is deep in
the valence band, it does not contribute directly to the
nontrivial topology.
To summarize, we propose the Si[111] surface with Bi
atoms adapted as a new template for achieving topo-
5logical states. With the C3 crystal symmetry and time
reversal symmetry, a k · p model is constructed with de-
generacy at Γ point and quadratic, non-Dirac type en-
ergy dispersion. When the spin-orbit coupling is taken
into account, a gap is opened resulting in a quantum spin
Hall effect insulator as characterized by a meron pseudo
spin texture with vorticity two, in contrast to the widely
studied Dirac electrons. In the present scheme, the strong
atomic spin-orbit coupling of Bi contributes fully to open
the topological gap, and thus provides a new possibility
for achieving topological states with large gap which may
function even above room temperature. With the Si sub-
strate taking part in realizing the topological state, the
present template is expected to make the integration of
topological states into existing electronics and photonics
devices very promising.
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